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T= S-algebraic group (i.e. T = G(Qs))
= discrete subgroup of G s.t. T NT finite.

X= (SLo(R) x T)/T
A= diagonals in SL>(R)

X = SLa(R) x SL2(Qp)/ SL2(Z[}])




T= S-algebraic group
= discrete subgroup of G s.t. T NT finite.

X= (SL2(R) x T)/T
A= diagonals in SL>(R)

INVARIANT A-inv. probability on X

RECURRENT T-recurrent
ENTROPY = [ ufdu ergodic decomp. then h,s(a) >0 ae.

For any B € B(X), p-a.e. x € B, {t € T : t.x € B} unbounded.




T= S-algebraic group
= discrete subgroup of G s.t. T NT finite.

X= (SL2(R) x T)/T
A= diagonals in SL>(R)

INVARIANT A-inv. probability on X

RECURRENT T-recurrent
ENTROPY 1 = [ ufdu ergodic decomp. then h(a) >0 ae.

ENTROPY G -recurrent




T= S-algebraic group
= discrete subgroup of G s.t. T NT finite.

X= (SLo(R) x T)/T
A= diagonals in SL>(R)

INVARIANT A-inv. probability on X

RECURRENT T-recurrent
ENTROPY p = [ uSdu ergodic decomp. then h,s(a) >0 ae.

 is convex combination of SLo(R)-inv. algebraic measures my,




INVARIANT A-inv. probability on X

RECURRENT SLj(Qp)-recurrent
ENTROPY 1 = [ pfdp ergodic decomp. then h,¢(a) > 0 a.e.

W is Haar

o is SLp(R)-invariant and since any SLy(RR)-orbit is dense (
SLg(Z[%]) < SLo(Qp) is dense) it must be Haar



Unstable/Stable groups

WELCOME APPLAUSE FOR OUR ACTORS
—t —
a=a=[%2] 6 ={u=031D

THEOREM (LINDENSTRAUSS 2006)

INVARIANT g A-inv. probability on X = SLa(R) x T /T
RECURRENT pu is T-recurrent

ENTROPY 1 = [ p§dp ergodic decomp. then h,g(a) >0 a.e.
Then yu is G -invariant.

PROOF OF MAIN THEOREM.

By an involution argument, p is also G = {ns = [1 ?]}-invariant.
Hence < G, , G >= SLy(R)-invariant. Ratner/Margulis-Tomanov
implies that y is algebraic. O]






Xtiaar = {x : u& = Haar}

If the theorem fails (i.e. (XHaar) < 1) then we may assume
M(XHaar) =0.




Suppose Z = Xyaar has pu(Z2) < 1.

For any A-invariant Z s.t. p(Z) < 1, then y/ = p|ze is A-invariant
and for u'-a.e. x

1G,
Hy?

Hopf argument: Z€ is G -invariant. (Pisa 7.20)
Leafwise measure construction: (uf)fa_ = ,ufa_ if A a-inv.
Take A = Bye. O

_ ,,Gs
= Hy?




Suppose Z = {x : u& = Haar} has u(Z) < 1.

For any A-invariant Z s.t. p(Z) < 1, then u' = p|ze is A-invariant
and for p'-a.e. x

1G, Gy
Mx v = an

' still T-recurrent (since Z¢ pos measure).

All ergodic components are positive entropy (since Z¢ A-invariant).
So if theorem fails for (i it fails for u/ (same leafwise measures).
Hence "Z for y/" has p/(Z) = 0. O




Xsome-Inv = {X : [,Ufa_] = [,LLSE_ Us] for some Us}

is conull in Xpjaar = {x : p$ = Haar}.

Hence if theorem fails, we may assume p(Xsome-inv) = 0.



Weaken Z to equivalence classes

LEMMA

Y = Xsome-tny = {x : [ufa_] = [,ufa_ us] for some us}

is conull in XHaar-

PROOF.

» By Poincare recurrence (on {x : [u% ] = [u$* us],|s| < C})
{x : [uS ] = [uS us] for arbitraily small us} conull in Y.

Ga
» For ¢ € C.(G; ) define s — £(s, x) = log %@
px? (@)

» Since uCs us = cul implies u% ups = c"uS we have for
any s, any n,m, 3s' < s, k(2s',y) = 2k(s, y).
» By continuity in s, k(s,y) = sk(1,y) for any s.

> [ar.uy ] = [1$3] so
K(s, ary) = k(e 2ts,y) = e 2tk(s,y) = 0 (Poincare)



Assumption: ' N T finite.
Find I" < T normal finite index subgroup with I' N T = {e}

Theorem for (SLp(R) x T) /I implies statement for X by lifting x.
So may assume N T = {e}.

Then t — t.x injective since if t.x = x = g1g7[ then
= g-,_-lthI' S0 g;ltgr elNnT.




G, X T-LEAVES EMBEDDED ALMOST SURELY

Suppose us € G; 1 ust.x = x
Poincare recurrence on compact subset:
There is r, — 0o and xp s.t. a,,.x — xp. Since G, = G;n,

Xo = lima,,.x = lim a, ust.x = t.xp.

Contradiction to T being embedded.



For any e > 0, any B € Bx, p-a.e. x € B

TxNBNB(x)\ BlG"_XT(x) is non-empty

Let B, /»(x;) countable cover of B.
By T-recurrence, exists t, — 0o s.t.
th-x € BN B, j5(x;) C BN B:(x) for a.e. x € BN B, j5(x;). O







Theorem and Reduction
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THEOREM (LINDENSTRAUSS 2006)

INVARIANT g A-inv. probability on X = SLo(R) x T /T
RECURRENT  is T-recurrent
ENTROPY u = [ ufdu ergodic decomp. then h(a) >0 ae

Then p is G5 -invariant.

LEMMA (REDUCTION)

Xsome-Inv = {X : [Mf;] = [Mf; Us] for some us}

If p is not G -invariant then we may assume 1(Xsome-inv) = 0.



For any e > 0, any B € Bx, p-a.e. x € B

Ix" € T.xN BN B:(x) but x' ¢ Blca_XT(x)



H-property

LEMMA (RATNER ’83 (LINDENSTRAUSS '06))

X' =gx, g=

a b 1 b
- d} # [O 1] , d(g,e) = max(|a—1|,|b|,|c|]) <e

For any p, there is C so that for any x,x’ = g.x there is some
r = rg so that for either for any s € [pr,r] or any s € [—pr, —r]
there is1/C < |o| < C s.t.

us.X' = (usgu_s).us.x = g'.uyus.x for some d(g’, e) < 2¢*/2.



Proof of H-property. |g| <¢

Calculate:

;L B _|lates b+ (d—a)s— cs?
Us.X = gs.-Us-X, 8s = UsgU—s = c d—cs
Define: 12

[ C C o
"m'<uvfw O €=’
Claim: For either s € [pr,r] or s € [—pr,—1]
g € B3y, pls)=(d—a)s —cs” €[1/C.2C]

Case 1: r = (C/|c|)V/2.
If sign(s) = sign ((a — d)c) then for [s| € [pr, r]

d—a
Ip(s)| < C*/2 W' +C<2C
p(s)] = pc2 A 2o o=
’ ‘1/2 - C



Proof of H-property. |g| <¢

Calculate:

, atcs b+ (d—a)s—cs?
Us. X' = &s.Us.X, 8s = UsgU—s = c d—cs
Define: 12

[ C C 1
r—m|n<|c‘1/2,‘d_a’>, C—IO
Claim: For either s € [pr,r] or s € [—pr,—1]

g € B uys,  pls) = (d—a)s —s? € [1/C,2C]

.._ cC
Case 2: r = =3l

If sign(s) = sign ((a — d)c) then for |s| € [pr,r], and C = p~!

p(s)] < €+ Cg H‘zgzc

1
)| = pC o+ 1 = e




H,.cer(x, x') =

{r:Vs e £[pr,r] 3|o| € [1/C,C] : us.x" € Bor(upus.x)}

We just proved:

If X' € B.(x)\ B x then H,1 ap(x,x") #0
7p,




Maximal Ergodic Theorem for non-invariant Actions

THEOREM (LINDENSTRAUSS-RUDOLPH)

Define Mﬂ(f)( ) = Sup,>o ﬁ fBGa— |f(US.X)‘d,LLf;(LI5).
Hx? (B r
Then

p(x : M, (f)(x) > R) < c”fﬁ‘)‘l.

COROLLARY (SUPPOSE u(X') >1—c¢.)
There is Xy_grg(xry C X', t(Xu-Erg(xy) > 1 — e2M? g

-/Bca_ 1XI(US’X)dH>((;a_(U5) > (1 1/2) (BG )

r

for all x € X, grg(x), for all r > 0.

Proor orF COROLLARY.
f=1-1x. R=eY2 Xy gy =X\ {x: My(f) > c'/?}



Maximal Ergodic Theorem: Proof

LEMMA

For all ,r > O there is a G, -subordinate a-descending o-algebra
A s.t.
[x]a C G x
and -
p({x:B% x C[x]a}) >1—e.

PROOF.

Let A be a G; -subordinate a-descending o-algebra, in particular

B (x) C [x] 4 for some § = 6. Take dp st. Z={x:d > do}
has mass > 1 —¢. Then a~"A on a—"Z has atoms of size
e2"5o >r.



Maximal Ergodic Theorem: Proof

DEFINITION
1 o
Mr(F)0) = sup ———— [ |F(uex)|dp (us).
r>p>0 22 (By? ) /By
PROOF.

Y ={x: M,(f)(x) >R}, Y ={x: M, (f)(x) > R/2}.

Then p(Y’) > u(Y)/2 for r large.

Lemma: 3X’ = {B% .x C [x]4} such that u(X') > 1— u(Y)/4.
Then Y =X'NY has u(Y") > u(Y)/4.

Note also:

1
My (F)(x) = sup ————— /G— |F(2)ldpss (2)-
r>p>0 Nﬁ(Bpa .X) B,? .x



Maximal Ergodic Theorem: Proof

Y’ =X 0¥ = {Bf x C[xu} N {x: My, (F)(x) > R/2}

PROOF.
Vy € Yx:= Y"N[x]4 thereis r, <rs.t.

n R _
Ler 1F@dit(2) > 35BS ).

Y

Since BS; .y C [x]a, {ny;; .y} defines a cover of Y. By
Besicovitch Covering Thm 3 countable subcover {B,C;-j_ .Yn} with
< C = C(G;) overlaps over any point.

Ly @@ 2 5 [ @i



Maximal Ergodic Theorem: Proof

YX = Y// N [X]Ay Y// - X/ N Y/v IU’(Y”) Z ILL(Y)/4,

PROOF.

/[ (@)= ¢ 3 [ M@)o

R
ZMX e Yn) Z 5 ek (V)

Integrate w.r.t. u:

R
Ills = ullf]) > 5=

ScH(Y") = n(Y)R/8C



There is XG;_Equi C X co-null such that for x, us.x € XG;_Equi
G —_1,6G
[/J’x ] - [Nus.x-US]

May assume 18+ (B ) =1 for all x € Xo-

-Equi-

There is X1_jnv € X co-null such that for x,y € X7,y N T.x

e ] =[nd 1.



Continuity of leafwise measures

LEMMA (LUSIN)

For all ¢ > 0 there exists Xcont C {x — [u$ | continuous } s.t.
Xcont is compact and p(Xcont) > 1 — €.

UNIFORM INTEGRABILITY (P1sA 6.30)
Let b, > 0 be summable and r, — co. Then p(u) = %
me—(B125(w)

for ue B \ Bf
p € LY (uS) for p-ae. x.

2 | Is piecewise constant, strictly positive and

METRIC
{fa} € Cc(G; )N {f < p} dense,

:U’X fn) . /j’)c/;a (fn)

d([pg 1, [us" ) = ZT"




The H-Property gives us an annulus {us : |s| € [pr, r]}. How to
make sure that modulo %, {us : |s| € [0, pr]} is negligible?

Ro(x) 1= {r uf? (BF) > 2u (B )}

There exists p € (0,1)

XpR-Doubling = {X 1 Rp(x) = Rxo0}

has (X, R-Doubling) = 1



What do we actually now about R,(x) (instead of the Additional
Assumption)?

w is Gy -recurrent iff uS is infinite a.e. iff u> not trivial a.e. iff
Du(a, G;)(x) > 0 a.e. iff hye(a) >0 a.e.

ENTROPY p is G, -recurrent




Doubling Condition: Entropy implies Weak Doubling

THEOREM

G

py? not trivial a.e. iff h,s(a) >0 a.e.

COROLLARY ( AND DEFINITION)

Xp,l—Doub/ing = {X : Mf;(BlGa_) > 2“5;(355)} = {X tle RP(X)}

For all € > 0 there is p > 0 such that
ENTROPY M(Xp,l-Douinng) >1—c¢.

PROOF.
uf;(BlG;) =1ae. and ,u,f;(BpG;) —,.00ae. =

Again, for now assume that 11(X, r-Doubling) = 1



X-1 Xy C XS, o
X-2 X1 C Xcont

X-3 X1 C X7y
X-4 X1 C Xg-

Inv

-Equi
2
X-5 Xyrg(xy) C X1 ste (X grg(xy)) > 1— €Y/
X-9000 X1 C X, R-Doubling



THEOREM (LINDENSTRAUSS 2006)

INVARIANT g A-inv. probability on X = SLo(R) x T /T
RECURRENT p is T-recurrent
ENTROPY 1 = [ uédu ergodic decomp. then hi(a) >0 ae

Then  is G5 -invariant.

PROOF.

Goal: Construct z € X7 and show z € Xsome-inv-
Contradiction!



Combining H-property and Doubling Radius

LEMMA (EQUAL LEAFWISE MEASURES LEMMA)

For any C,6 >0, x,x" € Xy grgxy) N T-x if

Hp,c.er(, X') N R (x) # 0
then there is s € R, |o| € [1/C, C] so that
1) y=us.x, y = us.x' € Xq
2) ¥ € Bor(us.y)

+ G;r
3) e =u,)

PROOF.

3) 1)=3): y,y’ € X1 C X7_jnv N XT_Equi and since
&
y'=ux" € uT.x = T.y we have uf; = ufﬁ :

2) In 1) take [s| € [pr,r] for r € H, c.or(x,x") N R ,(x).



Claim: x,x" € X, grg(x,), for any r € R,(x):
pSe (Bf \ BS NGyNGy) >0

where Gy, G, return times to Xj under u-flow starting at x, x’.

1) Lets € Bf \ BS NG N Gy theny = ug.x, y' = us.x’ € X1.
O




Proof of Claim: Doubling Radius and Maximal Inequality
x,x" € Xymrax) If Gz = {u:u.z e Xi} for z= x,x then

— — - — — l — —
e (B2 \Bg \Gz) < pg? (B> \G;) < e2pg” (B )

(by Maximal Ergodic Theorem and % = uf,;).
reRy(x) pSe (BE)>2u¢ (BS ) and therefore

_ _ - 1 - _
uS (BS \ B ) > S (BS)
COMBINING THESE
uS ((BS\BE )N GNGy) >0

(since complement has relative measure < 4¢%/2).



Proof of Theorem assuming Additional Assumption

PROOF.

Let 6 > 0. Let x € X;.

By T-Leaf Lemma 3x’ € T.x N Bs(x) N Xygrg(xy) \ B* *7 (%)
By H-Property Lemma H(p, p—1, 6%/?)(x, x) non-empty.
Additional Assumption R,(x) = Rx1.

By Equal Leafwise Measures Lemma:

Thereis s sit. y = us.x, y = us.X', y, ¥y € X, u}(,;a_ = ,uf,‘:

y' € Begij2(ug.y)  for some u, € B?"’_ \ Blc/a_c



Apply Continuity of Leaswise measures.

PROOF.

Let 0; — 0. Get y;, ¥/ € X1 C Xcont
By compactness, may assume

vimz  yi— 2 €[)Bepra(uny) = iz

for some i = lim uy, GBG \B Candz 7 e X;.
Since

G, _ Gy
'u')/ia - /’Lyl./a
we find

G, _ , Gy __ - —1
kz® —MUQZ—CUZMz .

and hence the contradiction

z € X1 N Xsome-Inv-



Xp,R—Douinng =

{x i Ry(x) = {r - ule (B%) > 2#5"_(35;’_)} _ R>o}

Thereis psit. u(x : 1 € Ry(x)) >1—¢

For most x, find t such that Ry(ar.x) N H, -1y ry1/a(ae.X, ar.X')
non-empty.



. ~ = = = ~ Gy
Since [aynS a_] = [1$3] and agu* (BS )a_e = p (BS:,)

e’tr € R,(x) iff r € R,(ar.x).
Therefore

Ry(x) = {e2t :at.X € X, 1-Doubling = {x : 1 € Rp(x)}} .



For any u(Y) >1—9,

Xa—Erg(Y) = {X : %/0 1y(at.X)dt >1-— 51/2}

,U‘(X -Erg(Y)) >1- co'/2.

Take compact subset

Xerg C Xa-Erg(Xu-Erg(Xl)ﬂXp,LDoubnng) N Xa_l-E"g(Xu-Erg(Xl)ﬂXp,l-Doubnng)

of mass (1(Xgrg) > 1 — /4.



Goal: Upgrade H-property to hold simultaneously along part of
A-orbit.

Foranyd <1<s<1/

SLy(R
usng € Bs(;z( )uHst.




Fix p € (0,1), let § < 1, x,x" € X1 N Bs(x) \ BS x.
Write

x=gtx', g=asus ns, €AG, G

Case 1: & = |s,| 71 < |s,|710/22

&1 € H, 1 5(ar.x,a.x")  forall t €0,0.01log &1]



Uniform H-property along A-orbit

x,x' = gtx € Xy NBs(x)\ BS x gl |t <&
PROOF.

DECOMPOSE: g = aun, a = as,, U = Us_, n = ns,_ such that
[sal s, Js| <
G ISOMETRY ON T.x: d(ugas.x', ucarg.x) < 0 for |{| > 1,t >0
REARRANGE Ugaras,Us_Ns, .X = Ugds,Ug—2t5 Ngdts, -AtX
= ds,Uet2sagye—2ts_MNe2tg, -AtX
LEMMA € asaBSL2(R)

2§e2f\s+\ u e+253§+e—2t57 at.X
1+e2ts, (eT2Sagte—2ts_)

Lo(R
TAYLOR C BIS? 2( )U£+2535_e2t5+£23t.x

assuming |%e%'s |, |[2¢s,] < 1 and

R = 2max (2§e2fys+|, e s, |§|‘1)



Uniform H-property along A-orbit

PROOF.
Details for Taylor step:

SL>(R) SL2(R)
as, BZ&e”\sH U +2sagie—2ts_ C BZOR Ug D5, e2ts, g2
1+e2ts+(e+253§+e*2ts_)

assuming |£2e%'s |, [2¢s,] < 1 and

R = max (2§ezt|$+\, efzt‘s—’a ’5‘71)

as, absorbed by [s,| < |¢| 7!
et2%¢ f e %ts. =¢£ 4+ 25,6 +e%ts. +O(¢7Y)

(1 4 e2ts+(e+25"’§—|— e—2t57))—1
=1—e*s &+ O(e?sy 5.6 +5_5; + (215,.€)?)



Uniform H-property along A-orbit

PROOF.
Details for Taylor step:

SLo(R) SL2(R)
as, Bzéth‘5+‘ U +2sagie—2ts_ C B2OR Uy os,c—e2ts, g2
1+e2ts+(e+253§+e*2t57)

assuming |£2e%'s |, [2¢s,] < 1 and
R = max (26e*|sy|,e~]s_|, [¢]71)

(€ + 25,6+ e 2s_ +0(¢7Y))

(1 — s &+ O(e¥sysa +s_s4 + (€*'51€)%))
=(E+25:6+R+R)+ (—e*s: 2+ R+ R+R)
+O ((Rl€sa| + R) + (R) + (1%[€]71)))



Uniform H-property along A-orbit

PROOF OF CASE 1: & := 3|s;|7 < 3|s;|720/2,

: SL>(R)
Summary: ugaras,Us_Ns,.X € Byp ' Ugiog e e2ts, g2

f €265, ,[265,] < 1 and R = max (26625, [, 2[s_|, ¢ )
Assume ¢ € [p€1,&1], t €[0,0.01log&;]

Then [¢2e2ts, | < £202[s, | < |5, |202/21+1 — |5, [0.08 < 50.08
and R < ¢6.
Also |€ + 25,6 — €?s, €2 — £ € [p,2]. Hence

£1 € H, ,-100c5(ae-x,ar.x")  forall t € [0,0.01log &;]



Construction of H-pairs with Doubling Condition

LEMMA (FLow TO DOUBLING H-PAIRS)

Let x,x" € Xgrg N T.x N Bs(x) \ B& x.
There is t > 0 such that

/
at.X, ar.X € Xu_Erg

and
Hpvp71’61/4(at.x, at.X/) N Rp(at.X) # @

This gives the necessary assumptions for the "Leafwise Measure
Lemma" and thereby completes the proof of the theorem.



Construction of H-pairs with Doubling Condition

LEMMA (FLow TO DOUBLING H-PAIRS.)

x,x" € Xgrg N Bs(x)

Hp’p,1751/4(at.x, ar.x') N Rp(ae.x) # 0 ar.x,ar.x € Xu-Erg

Proor For CASE 1.

LEMMA &1 € H, -1 5(ae-x, ap.x")  for all t € [0,0.01 log &;]

RECALL €%"r € R,(z) iff r € R,(a,.2).
Apply to z = ar.x,r = &1e 27, 7 = %Iogfl.
REMAINS TO SHOW

at+% b X € Xp,l-Douinng = {X 1le RP(X)}



Construction of H-pairs with Doubling Condition

LEMMA (FLow TO DOUBLING H-PAIRS.)

x,x" € Xgrg M Bs(x). There is t € [0,0.01 log &1] such that

. /
at+% log &1 X € Xp,l—Doub/ing = {X 1€ RP(X)}, at.X,ar.X € Xu—Erg

PROOF FOR CASE 1.
DEFINITION X, X’ € Xgrg C
Xa‘Erg(Xu—Erngp,l—Douinng) ﬂ X‘371‘Erg(Xu—ErgmXp,l—Douinng)

ErRG. THM
0.01log &1 /
/0 1XufErg(at'X)1Xu,Erg(at-x )dt

> (1 —2e%)0.01log &



Construction of H-pairs with Doubling Condition

Proor rFOR CASE 1.

x,x" € XErg C Xa-Erg ) N Xa_l-Erg

(Xu-ErgﬂXp,l-Doubling (Xu-ErgﬂXp,l-Douinng)

0.01 log &1 )
/O 1x, e (@e-X)1x, g (2e-X)dt

> (1 —2¢Y)0.01 log &,

Similarly,
1 log &1+0.01log &
/0 1X\Xp,1—Doub|ing(at'X)dt
< gl/4 log &1

and in particular (by restriction)

0.01log &1 1/a
/0 1X\Xp,1-Douinng(af+% log &1 X)dt S € |Og 61



Construction of H-pairs with Doubling Condition

LEMMA (FLow TO DOUBLING H-PAIRS.)
x,x" € Xgrg M Bs(x). There is t € [0,0.01 log &1] such that

31 110ge, X € X, 1-Doubling = {x : 1 € Ry(x)} and a¢.x, ar.x" € Xy-grg

Proor For CASE 1.

0.01 log &1 )
/O 1x, e (@e-X)1x, g (@e-X)dt
> (1 —2e1/%)0.01 log &;
1/4
/(; 1X\Xp,1—Douinng(at+% log &1 X)dt S & / 5 IOg 51

so for €1/4(0.02 + 1) < 0.01, there is t € [0,0.01&] such that

/
at+% log &1-X € Xp,l—Douinng and a;x, a;x’ € Xu—Erg-



Construction of H-pairs

LEMMA (UNIFORM H-PROPERTY ALONG A-ORBIT)

Fix p € (0,1), let § < 1, x,x' € X1 N Bs(x) \ B{* .x.
Write

x=gtx, g=asus ns, €AG, G

Case 1: &1 = |s,| 1 < |5, |10/
&1 € H, -1 c5(ae.x,ar.x")  forall t €[0,0.01log &;]
Case 2: Otherwise & = |s|~1/?

§1e7" € H,pp-1 cgoaes(ar.x, ap.x")  for all t € [0.05log&1,0.1log&]



Uniform H-property along A-orbit

PROOF OF CASE 2: & = |s; |72 |s,| 7 > |5, |710/2L,

SLo(R
Summary: ugaras,us_ns, .X € 820,2?( )U£+2sa€_e2t5+£2
f |25, ], 2655] < 1 and R = max (26e% s, ], |5, ¢ )

Assume € € [p€re &7 ], t €[0.05logéy,0.1lo0g &)

Then ’£2e2t5+‘ < 5?'95‘S+| < ‘S+|0‘475_10/12 < §0-001
and

R = max (£e2t|s, |, e~2t[s_|,£~1) < max (50.49575’ 51/2) _ 50495
Also |€ + 25,6 — €285, &2 — €| € [p/2,1]. Hence

e &1 € H, 5,1 0050495 (ar.x, ag.x") for all t € [0.05log 1,0.1log &)

O



Construction of H-pairs with Doubling Condition

LEMMA (FLow TO DOUBLING H-PAIRS.)

x,x" € Xgrg N Bs(x)

Hp7p,1’51/4(at.x, a;.x') N Rp(ae.x) # 0 ar.x,ar.x € )

PROOF FOR CASE 2.
LEMMA et e Hp72p7172050.495(at.x, at.x’), t e
[0.05 log &1, 0.1 log &:]
RECALL €2"r € R,(z) iff r € R,(a,.2).
Apply to z = a;.x,r = &e 2 7 = Llog& — 1t.
REMAINS TO SHOW

Al lioge X € X5 1-Doubling = {X 1 1 € Rp(x)}



Construction of H-pairs with Doubling Condition

LEMMA (FLow TO DOUBLING H-PAIRS.)

x,x" € Xgrg M Bs(x). There is t € [0.05log &1,0.1log &1] such that

. /
B%H_% log &1 X S Xp,l—Douinng = {X 1 1le RP(X)}, as.X, ar.X € Xu—Erg-

Proor For CASE 2.

b5 et 1x, 05 (3-X)1x, o (ae.X)dt > (1 — 421/4)0.05 log &

- . $log&1+30.11
By restricting again from fologgl to f;;gilgao&srfgﬁé

/o.1|og51 13\ X, 1 0oubin (a;t+1 log € X)dt < cl/4 log &1
0.05 log &1 ” B g esl

The lemma follows for sufficiently small . O
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