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Products with SL2(R)

G = SL2(R)× T

T= S-algebraic group (i.e. T = G(QS))
Γ= discrete subgroup of G s.t. T ∩ Γ finite.
X= (SL2(R)× T )/Γ
A= diagonals in SL2(R)

Example

X = SL2(R)× SL2(Qp)/SL2(Z[ 1
p ])



Recurrence

G = SL2(R)× T

T= S-algebraic group
Γ= discrete subgroup of G s.t. T ∩ Γ finite.
X= (SL2(R)× T )/Γ
A= diagonals in SL2(R)

µ Probability

Invariant A-inv. probability on X
Recurrent T -recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Recurrence
For any B ∈ B(X ), µ-a.e. x ∈ B, {t ∈ T : t.x ∈ B} unbounded.



Recurrence vs Entropy

G = SL2(R)× T

T= S-algebraic group
Γ= discrete subgroup of G s.t. T ∩ Γ finite.
X= (SL2(R)× T )/Γ
A= diagonals in SL2(R)

µ Probability

Invariant A-inv. probability on X
Recurrent T -recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Entropy Assumption true iff
Entropy G−a -recurrent



Main Theorem

G = SL2(R)× T

T= S-algebraic group
Γ= discrete subgroup of G s.t. T ∩ Γ finite.
X= (SL2(R)× T )/Γ
A= diagonals in SL2(R)

µ Probability

Invariant A-inv. probability on X
Recurrent T -recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Theorem (Lindenstrauss 2006)
µ is convex combination of SL2(R)-inv. algebraic measures mHx .x



Special Case Theorem

X = SL2(R)× SL2(Qp)/ SL2(Z[ 1
p ])

µ Probability

Invariant A-inv. probability on X
Recurrent SL2(Qp)-recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Theorem (Lindenstrauss 2006)
µ is Haar

µ is SL2(R)-invariant and since any SL2(R)-orbit is dense (
SL2(Z[ 1

p ]) < SL2(Qp) is dense) it must be Haar



Unstable/Stable groups

Welcome Applause for our Actors

a = at =
[

e−t 0
0 et

]
G−a = {us = [ 1 s

0 1 ]}

Theorem (Lindenstrauss 2006)

Invariant µ A-inv. probability on X = SL2(R)× T/Γ
Recurrent µ is T -recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Then µ is G−a -invariant.

Proof of Main Theorem.
By an involution argument, µ is also G+

a = {ns = [ 1 0
s 1 ]}-invariant.

Hence < G−a ,G+
a >= SL2(R)-invariant. Ratner/Margulis-Tomanov

implies that µ is algebraic.





Leafwise is Haar zero-one reduction

Definition

XHaar = {x : µG−a
x = Haar}

Lemma (Reduction Lemma)
If the theorem fails (i.e. µ(XHaar) < 1) then we may assume
µ(XHaar) = 0.



Hopf property for Leafwise Measures

Suppose Z = XHaar has µ(Z ) < 1.

Lemma
For any A-invariant Z s.t. µ(Z ) < 1, then µ′ = µ|Z c is A-invariant
and for µ′-a.e. x

µ′G
−
a

x = µG−a
x

Proof.
Hopf argument: Z c is G−a -invariant. (Pisa 7.20)
Leafwise measure construction: (µAx )G−ay = µG−ay if A a-inv.
Take A = BZ c .



Proof of Haar zero-one reduction

Suppose Z = {x : µG−ax = Haar} has µ(Z ) < 1.

Lemma
For any A-invariant Z s.t. µ(Z ) < 1, then µ′ = µ|Z c is A-invariant
and for µ′-a.e. x

µ′G
−
a

x = µG−a
x

Proof of Haar zero-one reduction.
µ′ still T-recurrent (since Z c pos measure).
All ergodic components are positive entropy (since Z c A-invariant).
So if theorem fails for µ it fails for µ′ (same leafwise measures).
Hence "Z for µ′" has µ′(Z ) = 0.



Weaken Z to equivalence classes

Lemma

XSome-Inv = {x : [µG−a
x ] = [µG−a

x us ] for some us}

is conull in XHaar = {x : µG−ax = Haar}.

Hence if theorem fails, we may assume µ(XSome-Inv) = 0.



Weaken Z to equivalence classes

Lemma

Y = XSome-Inv = {x : [µG−a
x ] = [µG−a

x us ] for some us}

is conull in XHaar.

Proof.
I By Poincare recurrence (on {x : [µG−ax ] = [µG−ax us ], |s| ≤ C})
{x : [µG−ax ] = [µG−ax us ] for arbitraily small us} conull in Y .

I For φ ∈ Cc(G−a ) define s 7! κ(s, x) = log us∗µ
G−a
x (φ)

µ
G−a
x (φ)

.

I Since µG−ax us = cµG−ax implies µG−ax uns = cnµG−ax we have for
any s, any n,m, ∃s ′ ε∼ s, κ( n

m s ′, y) = n
mκ(s ′, y).

I By continuity in s, κ(s, y) = sκ(1, y) for any s.
I [at∗µ

G−ay ] = [µG−aaty ] so
κ(s, aty) = κ(e−2ts, y) = e−2tκ(s, y) ≡ 0 (Poincare)



T -leaves are embedded

Finite index reduction
Assumption: Γ ∩ T finite.
Find Γ′ < Γ normal finite index subgroup with Γ′ ∩ T = {e}
Theorem for (SL2(R)× T ) /Γ′ implies statement for X by lifting µ.
So may assume Γ ∩ T = {e}.

T .x is embedded
Then t 7! t.x injective since if t.x = x = g1gT Γ then
Γ = g−1

T tgT Γ so g−1
T tgT ∈ Γ ∩ T .



G−a × T -leaves embedded almost surely
Suppose us ∈ G−a : ust.x = x
Poincare recurrence on compact subset:
There is rn !∞ and x0 s.t. arn .x ! x0. Since G−a = G−arn

,

x0 = lim arn .x = lim arnust.x = t.x0.

Contradiction to T being embedded.



Embedded T -leaves and T -recurrence vs G−a -orbits

Lemma (T-Leaf Lemma)
For any ε > 0, any B ∈ BX , µ-a.e. x ∈ B

T .x ∩ B ∩ Bε(x) \ BG−a ×T
1 (x) is non-empty

Proof.
Let Bε/2(xi ) countable cover of B.
By T -recurrence, exists tn !∞ s.t.
tn.x ∈ B ∩ Bε/2(xi ) ⊂ B ∩ Bε(x) for a.e. x ∈ B ∩ Bε/2(xi ).



Pesach Break



Theorem and Reduction

Notation

A =
{
a = at =

[
e−t 0

0 et

]}
G−a = {us = [ 1 s

0 1 ]}

Theorem (Lindenstrauss 2006)

Invariant µ A-inv. probability on X = SL2(R)× T/Γ
Recurrent µ is T -recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Then µ is G−a -invariant.

Lemma (Reduction)

XSome-Inv = {x : [µG−a
x ] = [µG−a

x us ] for some us}

If µ is not G−a -invariant then we may assume µ(XSome-Inv) = 0.



T-recurrence

Lemma (T-Leaf Lemma)
For any ε > 0, any B ∈ BX , µ-a.e. x ∈ B

∃x ′ ∈ T .x ∩ B ∩ Bε(x) but x ′ 6∈ BG−a ×T
1 (x)



H-property

Lemma (Ratner ’83 (Lindenstrauss ’06))

x ′ = g .x , g =
[
a b
c d

]
6=
[
1 b
0 1

]
, d(g , e) = max(|a−1|, |b|, |c|) ≤ ε

For any ρ, there is C so that for any x , x ′ = g .x there is some
r = rg so that for either for any s ∈ [ρr , r ] or any s ∈ [−ρr ,−r ]
there is 1/C ≤ |σ| ≤ C s.t.

us .x ′ = (usgu−s).us .x = g ′.uσus .x for some d(g ′, e) ≤ 2ε1/2.



Proof of H-property. ‖g‖ < ε

Calculate:

us .x ′ = gs .us .x , gs = usgu−s =
[
a + cs b + (d − a)s − cs2

c d − cs

]
Define:

r = min
(

C1/2

|c|1/2 ,
C

|d − a|

)
, C = ρ−1

Claim: For either s ∈ [ρr , r ] or s ∈ [−ρr ,−r ]

gs ∈ BSL2(R)
ε1/2 up(s), p(s) = (d − a)s − cs2 ∈ [1/C , 2C ]

Case 1: r = (C/|c|)1/2.
If sign(s) = sign ((a − d)c) then for |s| ∈ [ρr , r ]

|p(s)| ≤ C1/2 |d − a|
|c|1/2 + C ≤ 2C

|p(s)| ≥ ρC1/2 |d − a|
|c|1/2 + ρ2C ≥ ρ2C = 1

C



Proof of H-property. ‖g‖ < ε

Calculate:

us .x ′ = gs .us .x , gs = usgu−s =
[
a + cs b + (d − a)s − cs2

c d − cs

]
Define:

r = min
(

C1/2

|c|1/2 ,
C

|d − a|

)
, C = ρ−1

Claim: For either s ∈ [ρr , r ] or s ∈ [−ρr ,−r ]

gs ∈ BSL2(R)
ε1/2 up(s), p(s) = (d − a)s − cs2 ∈ [1/C , 2C ]

Case 2: r = C
|d−a| .

If sign(s) = sign ((a − d)c) then for |s| ∈ [ρr , r ], and C = ρ−1

|p(s)| ≤ C + C |c|
|d − a|2 ≤ 2C

|p(s)| ≥ ρC + ρ2C |c|
|d − a|2 ≥ ρC ≥

1
C



Notation: Points with the H-Property

Definition (Good annuli for H-pairs)

Hρ,C ,ε′(x , x ′) ={
r : ∀s ∈ ±[ρr , r ] ∃|σ| ∈ [1/C ,C ] : us .x ′ ∈ Bε′(uσus .x)

}
We just proved:

Lemma (H-Property)
If x ′ ∈ Bε(x) \ BG−a

1 .x then Hρ, 1
ρ
,ε1/2(x , x ′) 6= ∅



Maximal Ergodic Theorem for non-invariant Actions

Theorem (Lindenstrauss-Rudolph)
Define Mµ(f )(x) = supr>0

1
µ

G−a
x (BG−a

r )

∫
BG−a

r
|f (us .x)|dµG−ax (us).

Then
µ(x : Mµ(f )(x) > R) ≤ c ‖f ‖1R .

Corollary (Suppose µ(X ′) > 1− ε.)
There is Xu-Erg(X ′) ⊂ X ′, µ(Xu-Erg(X ′)) > 1− cε1/2 s.t.∫

BG−a
r

1X ′(us .x)dµG−a
x (us) ≥ (1− ε1/2)µG−a

x (BG−a
r )

for all x ∈ Xu-Erg(X ′), for all r > 0.

Proof of Corollary.
f = 1− 1X ′ . R = ε1/2. Xu-Erg(X ′) = X \ {x : Mµ(f ) > ε1/2}



Maximal Ergodic Theorem: Proof

Lemma
For all ε, r > 0 there is a G−a -subordinate a-descending σ-algebra
A s.t.

[x ]A ⊂ G−a .x

and
µ({x : BG−a

r .x ⊂ [x ]A}) > 1− ε.

Proof.
Let A be a G−a -subordinate a-descending σ-algebra, in particular
BG−a
δ (x) ⊂ [x ]A for some δ = δx . Take δ0 s.t. Z = {x : δ > δ0}

has mass > 1− ε. Then a−nA on a−nZ has atoms of size
e2nδ0 > r .



Maximal Ergodic Theorem: Proof

Definition

Mµ,r (f )(x) = sup
r>ρ>0

1
µG−ax (BG−a

ρ )

∫
BG−a
ρ

|f (us .x)|dµG−a
x (us).

Proof.
Y = {x : Mµ(f )(x) > R}, Y ′ = {x : Mµ,r (f )(x) > R/2}.
Then µ(Y ′) > µ(Y )/2 for r large.
Lemma: ∃X ′ = {BG−ar .x ⊂ [x ]A} such that µ(X ′) > 1− µ(Y )/4.
Then Y ′′ = X ′ ∩ Y ′ has µ(Y ′′) ≥ µ(Y )/4.
Note also:

Mµ,r (f )(x) = sup
r>ρ>0

1
µAx (BG−a

ρ .x)

∫
BG−a
ρ .x
|f (z)|dµAx (z).



Maximal Ergodic Theorem: Proof

Y ′′ = X ′ ∩ Y ′ =
{
BG−a

r .x ⊂ [x ]A} ∩ {x : Mµ,r (f )(x) > R/2
}

Proof.
∀y ∈ Yx := Y ′′ ∩ [x ]A there is ry < r s.t.∫

BG−a
ry .y
|f (z)|dµAx (z) > R

2 µ
A
x (BG−a

ry .y).

Since BG−ary .y ⊂ [x ]A, {BG−ary .y} defines a cover of Yx . By
Besicovitch Covering Thm ∃ countable subcover {BG−aryn

.yn} with
≤ C = C(G−a ) overlaps over any point.∫

[x ]A
|f (z)|dµAx (z) ≥ 1

C
∑

n

∫
BG−a

ryn .yn
|f (z)|dµAx (z)



Maximal Ergodic Theorem: Proof

Yx := Y ′′ ∩ [x ]A, Y ′′ = X ′ ∩ Y ′, µ(Y ′′) ≥ µ(Y )/4,

Proof.
∫

[x ]A
|f (z)|dµAx (z) ≥ 1

C
∑

n

∫
BG−a

ryn .yn
|f (z)|dµAx (z)

>
R
2C

∑
n
µAx (BG−a

ryn
.yn) ≥ R

2C µ
A
x (Yx )

Integrate w.r.t. µ:

‖f ‖1 = µ(|f |) > R
2C µ(Y ′′) ≥ µ(Y )R/8C



Leafwise Measure properties

Equivariance of origin
There is XG−A -Equi ⊂ X co-null such that for x , us .x ∈ XG−A -Equi

[µG−a
x ] = [µG−a

us .x .us ]

Normalization
May assume µG−ax (BG−a

1 ) = 1 for all x ∈ XG−A -Equi.

Product structure for G−a × T implies
There is XT -Inv ⊂ X co-null such that for x , y ∈ XT -Inv ∩ T .x

[µG−a
x ] = [µG−a

y ].



Continuity of leafwise measures

Lemma (Lusin)
For all ε > 0 there exists XCont ⊂ {x 7! [µG−ax ] continuous } s.t.
XCont is compact and µ(XCont) > 1− ε.

Uniform Integrability (Pisa 6.30)
Let bn > 0 be summable and rn !∞. Then ρ(u) = b2

n

mG−a
(BG−a

rn+5(u))

for u ∈ BG−arn \ B
G−arn−1 is piecewise constant, strictly positive and

ρ ∈ L1(µG−ax ) for µ-a.e. x .

Metric
{fn} ⊂ Cc(G−a ) ∩ {f ≤ ρ} dense,

d([µG−a
x ], [µG−a

y ]) =
∑

n
2−n

∣∣∣∣∣∣µ
G−ax (fn)
µG−ax (ρ)

−
µG−ay (fn)

µG−ay (ρ)

∣∣∣∣∣∣



Doubling Condition

The H-Property gives us an annulus {us : |s| ∈ [ρr , r ]}. How to
make sure that modulo µG−ax , {us : |s| ∈ [0, ρr ]} is negligible?

Definition (Doubling radii)

Rρ(x) :=
{
r : µG−a

x (BG−a
r ) > 2µG−a

x (BG−a
ρr )

}

Additional Assumption
There exists ρ ∈ (0, 1)

Xρ,R-Doubling = {x : Rρ(x) = R>0}

has µ(Xρ,R-Doubling) = 1



Doubling Condition: Entropy implies Recurrence

What do we actually now about Rρ(x) (instead of the Additional
Assumption)?

Theorem (Pisa 6.26 & 7.7)
µ is G−a -recurrent iff µG−ax is infinite a.e. iff µG−ax not trivial a.e. iff
Dµ(a,G−a )(x) > 0 a.e. iff hµEx (a) > 0 a.e.

Assumption
Entropy µ is G−a -recurrent



Doubling Condition: Entropy implies Weak Doubling

Theorem
µG−ax not trivial a.e. iff hµEx (a) > 0 a.e.

Corollary ( and Definition)

Xρ,1-Doubling :=
{
x : µG−a

x (BG−a
1 ) > 2µG−a

x (BG−a
ρ )

}
= {x : 1 ∈ Rρ(x)}

For all ε > 0 there is ρ > 0 such that
Entropy µ(Xρ,1-Doubling) > 1− ε.

Proof.
µG−ax (BG−a

1 ) ≡ 1 a.e. and µG−ax (BG−a
ρ ) !ρ!0 0 a.e.

Again, for now assume that µ(Xρ,R-Doubling) = 1



Nice set of large measure

∀ε > 0 let X1 ⊂⊂ X , µ(X1) > 1− ε such that

X-1 X1 ⊂ X c
Some-Inv

X-2 X1 ⊂ XCont

X-3 X1 ⊂ XT -Inv

X-4 X1 ⊂ XG−A -Equi

X-5 Xu-Erg(X1) ⊂ X1 s.t. µ(Xu-Erg(X1)) > 1− ε1/2

X-9000 X1 ⊂ Xρ,R-Doubling



Theorem (Lindenstrauss 2006)

Invariant µ A-inv. probability on X = SL2(R)× T/Γ
Recurrent µ is T -recurrent

Entropy µ =
∫
µEx dµ ergodic decomp. then hµEx (a) > 0 a.e.

Then µ is G−a -invariant.

Proof.
Goal: Construct z ∈ X1 and show z ∈ XSome-Inv.
Contradiction!



Combining H-property and Doubling Radius

Lemma (Equal Leafwise Measures Lemma)
For any C , δ > 0, x , x ′ ∈ Xu-Erg(X1) ∩ T .x if

Hρ,C ,ε′(x , x ′) ∩Rρ(x) 6= ∅

then there is s ∈ R, |σ| ∈ [1/C ,C ] so that
1) y = us .x, y ′ = us .x ′ ∈ X1

2) y ′ ∈ Bε′(uσ.y)

3) µG+
ay = µG+

a
y ′

Proof.
3) 1)⇒ 3): y , y ′ ∈ X1 ⊂ XT -Inv ∩ XT -Equi and since

y ′ = u.x ′ ∈ uT .x = T .y we have µG+
ay = µG+

a
y ′ .

2) In 1) take |s| ∈ [ρr , r ] for r ∈ Hρ,C ,ε′(x , x ′) ∩Rρ(x).



Combining H-property and Doubling Radius

Claim: x , x ′ ∈ Xu-Erg(X1), for any r ∈ Rρ(x):

µG−a
x (BG−a

r \ BG−a
ρr ∩ Gx ∩ Gx ′) > 0

where Gx , Gx ′ return times to X1 under u-flow starting at x , x ′.

Proof of Lemma given Claim.
1) Let s ∈ BG−ar \BG−a

ρr ∩Gx ∩Gx ′ then y = us .x , y ′ = us .x ′ ∈ X1.



Proof of Claim: Doubling Radius and Maximal Inequality

x , x ′ ∈ Xu-Erg(X1) If Gz = {u : u.z ∈ X1} for z = x , x ′ then

µG−a
x (BG−a

r \BG−a
ρr \Gz) ≤ µG−a

x (BG−a
r \Gz) ≤ ε

1
2µG−a

x (BG−a
r )

(by Maximal Ergodic Theorem and µG−ax = µG−a
x ′ ).

r ∈ Rρ(x) µG−ax (BG−ar ) > 2µG−ax (BG−a
ρr ) and therefore

µG−a
x (BG−a

r \ BG−a
ρr ) > 1

2µ
G−a
x (BG−a

r )

Combining these

µG−a
x

((
BG−a

r \ BG−a
ρr

)
∩ Gx ∩ Gx ′

)
> 0

(since complement has relative measure ≤ 4ε1/2).



Proof of Theorem assuming Additional Assumption

Proof.
Let δ > 0. Let x ∈ X1.
By T -Leaf Lemma ∃x ′ ∈ T .x ∩ Bδ(x) ∩ Xu-Erg(X1) \ BG−a ×T

1 (x)
By H-Property Lemma H(ρ, ρ−1, δ1/2)(x , x ′) non-empty.
Additional Assumption Rρ(x) = R>1.
By Equal Leafwise Measures Lemma:
There is s s.t. y = us .x , y ′ = us .x ′, y , y ′ ∈ X1, µG−ay = µG−a

y ′

y ′ ∈ BCδ1/2(uσ.y) for some uσ ∈ BG−a
C \ BG−a

1/C



Apply Continuity of Leaswise measures.

Proof.
Let δi ! 0. Get yi , y ′i ∈ X1 ⊂ XCont
By compactness, may assume

yi ! z y ′i ! z ′ ∈
⋂

BCδ1/2
i

(uσi yi ) = ü.z

for some ü = lim uσi ∈ BG−a
C \ BG−a

1/C and z , z ′ ∈ X1.
Since

µG−a
yi = µG−a

y ′i

we find
µG−a

z = µG−a
ü.z = cü.zµ

G−a
z .ü−1

and hence the contradiction

z ∈ X1 ∩ XSome-Inv.



Remove Additional Assumption

Too much

Xρ,R-Doubling ={
x : Rρ(x) :=

{
r : µG−a

x (BG−a
r ) > 2µG−a

x (BG−a
ρr )

}
= R>0

}

Too little
There is ρ s.t. µ(x : 1 ∈ Rρ(x)) > 1− ε

so flow along till Doubling Radius matches
H-pair annulus
For most x , find t such that Rρ(at .x) ∩Hρ,ρ−1,d(x ,x ′)1/4(at .x , at .x ′)
non-empty.



at-invariance and Weak Doubling

Apply at flow to change doubling radius
Since [atµ

G−ax a−t ] = [µG−aatx ] and atµ
G−ax (BG−ar )a−t = µG−ax (BG−a

e2t r )

e2tr ∈ Rρ(x) iff r ∈ Rρ(at .x).

Therefore

Rρ(x) =
{
e2t : at .x ∈ Xρ,1-Doubling = {x : 1 ∈ Rρ(x)}

}
.



Maximal Ergodic Theorem

Maximal Ergodic Theorem for at-action
For any µ(Y ) > 1− δ,

Xa-Erg(Y ) =
{
x : 1

τ

∫ τ

0
1Y (at .x)dt ≥ 1− δ1/2

}
µ(Xa-Erg(Y )) ≥ 1− cδ1/2.

Apply to Y = Xu-Erg(X1) ∩ Xρ,1-Doubling, δ = ε1/2

Take compact subset

XErg ⊂ Xa-Erg(Xu-Erg(X1)∩Xρ,1-Doubling) ∩ Xa−1-Erg(Xu-Erg(X1)∩Xρ,1-Doubling)

of mass µ(XErg) ≥ 1− ε1/4.



Preparation: Commutators of opposite horospherical

Goal: Upgrade H-property to hold simultaneously along part of
A-orbit.
Lemma
For any δ < 1 < s < 1/δ

usnδ ∈ BSL2(R)
sδ u s

1+δs
.

Proof.

usnδ = [ 1 s
0 1 ]

[ 1 0
δ 1
]

=
[

1+sδ s
δ 1

]
=
[ 1+sδ 0

δ 1
1+sδ

] [
1 s

1+sδ
0 1

]
∈ BSL2(R)

sδ u s
1+δs



Construction of H-pairs

Lemma (Uniform H-property along A-orbit)
Fix ρ ∈ (0, 1), let δ � 1, x , x ′ ∈ X1 ∩ Bδ(x) \ BG−a

1 .x.
Write

x = gt.x ′, g = asaus−ns+ ∈ AG−a G+
a

Case 1: ξ1 := |sa|−1 < |s+|−10/21

ξ1 ∈ Hρ,ρ−1,cδ(at .x , at .x ′) for all t ∈ [0, 0.01 log ξ1]



Uniform H-property along A-orbit

x , x ′ = gt.x ∈ X1 ∩ Bδ(x) \ BG−a
1 .x ‖g‖, ‖t‖ < δ

Proof.
Decompose: g = aun, a = asa , u = us− , n = ns+ such that

|sa|,|s−|,|s+| < δ

G isometry on T .x : d(uξat .x ′, uξatg .x) < δ for |ξ| > 1, t > 0
Rearrange uξatasaus−ns+ .x = uξasaue−2ts−ne2ts+ .atx

= asaue+2saξ+e−2ts−ne2ts+ .atx

Lemma ∈ asaB
SL2(R)
2ξe2t |s+|u e+2sa ξ+e−2t s−

1+e2t s+(e+2sa ξ+e−2t s−)

at .x

Taylor ⊂ BSL2(R)
R uξ+2saξ−e2ts+ξ2at .x

assuming |ξ2e2ts+|, |2ξsa| ≤ 1 and

R = 2max
(
2ξe2t |s+|, e−2t |s−|, |ξ|−1

)



Uniform H-property along A-orbit

Proof.
Details for Taylor step:

asaB
SL2(R)
2ξe2t |s+|u e+2sa ξ+e−2t s−

1+e2t s+(e+2sa ξ+e−2t s−)

⊂ BSL2(R)
20R uξ+2saξ−e2ts+ξ2

assuming |ξ2e2ts+|, |2ξsa| ≤ 1 and

R = max
(
2ξe2t |s+|, e−2t |s−|, |ξ|−1

)
asa absorbed by |sa| ≤ |ξ|−1

e+2saξ + e−2ts− = ξ + 2saξ + e−2ts− +O(ξ−1)
(1 + e2ts+(e+2saξ + e−2ts−))−1

= 1− e2ts+ξ +O(e2ts+saξ + s−s+ + (e2ts+ξ)2)



Uniform H-property along A-orbit

Proof.
Details for Taylor step:

asaB
SL2(R)
2ξe2t |s+|u e+2sa ξ+e−2t s−

1+e2t s+(e+2sa ξ+e−2t s−)

⊂ BSL2(R)
20R uξ+2saξ−e2ts+ξ2

assuming |ξ2e2ts+|, |2ξsa| ≤ 1 and

R = max
(
2ξe2t |s+|, e−2t |s−|, |ξ|−1

)
(
ξ + 2saξ + e−2ts− +O(ξ−1)

)(
1− e2ts+ξ +O(e2ts+saξ + s−s+ + (e2ts+ξ)2)

)
= (ξ + 2saξ + R + R) +

(
−e2ts+ξ

2 + R + R + R
)

+O
(
(R|ξsa|+ R) + (R) +

(
12|ξ|−1)))



Uniform H-property along A-orbit

Proof of Case 1: ξ1 := 1
2 |sa|−1 < 1

2 |s+|−10/21.

Summary: uξatasaus−ns+ .x ∈ BSL2(R)
20R uξ+2saξ−e2ts+ξ2

if |ξ2e2ts+|, |2ξsa| ≤ 1 and R = max
(
2ξe2t |s+|, e−2t |s−|, |ξ|−1

)
Assume ξ ∈ [ρξ1, ξ1], t ∈ [0, 0.01 log ξ1]

Then |ξ2e2ts+| ≤ ξ2.02|s+| ≤ |s+|−20.2/21+1 = |s+|0.08 ≤ δ0.08

and R ≤ cδ.
Also |ξ + 2saξ − e2ts+ξ

2 − ξ| ∈ [ρ, 2]. Hence

ξ1 ∈ Hρ,ρ−1,20cδ(at .x , at .x ′) for all t ∈ [0, 0.01 log ξ1]



Construction of H-pairs with Doubling Condition

Lemma (Flow to Doubling H-pairs)
Let x , x ′ ∈ XErg ∩ T .x ∩ Bδ(x) \ BG−a

1 .x.
There is t ≥ 0 such that

at .x , at .x ′ ∈ Xu-Erg

and
Hρ,ρ−1,δ1/4(at .x , at .x ′) ∩Rρ(at .x) 6= ∅.

This gives the necessary assumptions for the "Leafwise Measure
Lemma" and thereby completes the proof of the theorem.



Construction of H-pairs with Doubling Condition

Lemma (Flow to Doubling H-pairs.)
x , x ′ ∈ XErg ∩ Bδ(x)

Hρ,ρ−1,δ1/4(at .x , at .x ′) ∩Rρ(at .x) 6= ∅ at .x , at .x ′ ∈ Xu-Erg

Proof for Case 1.
Lemma ξ1 ∈ Hρ,ρ−1,cδ(at .x , at .x ′) for all t ∈ [0, 0.01 log ξ1]
Recall e2τ r ∈ Rρ(z) iff r ∈ Rρ(aτ .z).

Apply to z = at .x , r = ξ1e−2τ , τ = 1
2 log ξ1.

Remains to show

at+ 1
2 log ξ1

.x ∈ Xρ,1-Doubling = {x : 1 ∈ Rρ(x)}



Construction of H-pairs with Doubling Condition

Lemma (Flow to Doubling H-pairs.)
x , x ′ ∈ XErg ∩ Bδ(x). There is t ∈ [0, 0.01 log ξ1] such that

at+ 1
2 log ξ1

.x ∈ Xρ,1-Doubling = {x : 1 ∈ Rρ(x)}, at .x , at .x ′ ∈ Xu-Erg

Proof for Case 1.
Definition x , x ′ ∈ XErg ⊂

Xa-Erg(Xu-Erg∩Xρ,1-Doubling) ∩ Xa−1-Erg(Xu-Erg∩Xρ,1-Doubling)

Erg. Thm ∫ 0.01 log ξ1

0
1Xu-Erg(at .x)1Xu-Erg(at .x ′)dt

≥ (1− 2ε1/4)0.01 log ξ1



Construction of H-pairs with Doubling Condition

Proof for Case 1.
x , x ′ ∈ XErg ⊂ Xa-Erg(Xu-Erg∩Xρ,1-Doubling) ∩ Xa−1-Erg(Xu-Erg∩Xρ,1-Doubling)∫ 0.01 log ξ1

0
1Xu-Erg(at .x)1Xu-Erg(at .x ′)dt

≥ (1− 2ε1/4)0.01 log ξ1

Similarly, ∫ 1
2 log ξ1+0.01 log ξ1

0
1X\Xρ,1-Doubling(at .x)dt

≤ ε1/4 log ξ1

and in particular (by restriction)∫ 0.01 log ξ1

0
1X\Xρ,1-Doubling(at+ 1

2 log ξ1
.x)dt ≤ ε1/4 log ξ1



Construction of H-pairs with Doubling Condition

Lemma (Flow to Doubling H-pairs.)
x , x ′ ∈ XErg ∩ Bδ(x). There is t ∈ [0, 0.01 log ξ1] such that

at+ 1
2 log ξ1

.x ∈ Xρ,1-Doubling = {x : 1 ∈ Rρ(x)} and at .x , at .x ′ ∈ Xu-Erg

Proof for Case 1.
∫ 0.01 log ξ1

0
1Xu-Erg(at .x)1Xu-Erg(at .x ′)dt

≥ (1− 2ε1/4)0.01 log ξ1∫ 0.01 log ξ1

0
1X\Xρ,1-Doubling(at+ 1

2 log ξ1
.x)dt ≤ ε1/4 1

2 log ξ1

so for ε1/4(0.02 + 1) < 0.01, there is t ∈ [0, 0.01ξ1] such that
at+ 1

2 log ξ1
.x ∈ Xρ,1-Doubling and atx , atx ′ ∈ Xu-Erg.



Construction of H-pairs

Lemma (Uniform H-property along A-orbit)
Fix ρ ∈ (0, 1), let δ � 1, x , x ′ ∈ X1 ∩ Bδ(x) \ BG−a

1 .x.
Write

x = gt.x ′, g = asaus−ns+ ∈ AG−a G+
a

Case 1: ξ1 := |sa|−1 < |s+|−10/21

ξ1 ∈ Hρ,ρ−1,cδ(at .x , at .x ′) for all t ∈ [0, 0.01 log ξ1]

Case 2: Otherwise ξ1 := |s+|−1/2

ξ1e−t ∈ Hρ,2ρ−1,cδ0.495(at .x , at .x ′) for all t ∈ [0.05 log ξ1, 0.1 log ξ1]



Uniform H-property along A-orbit

Proof of Case 2: ξ1 := |s+|−1/2, |sa|−1 > |s+|−10/21.

Summary: uξatasaus−ns+ .x ∈ BSL2(R)
20R uξ+2saξ−e2ts+ξ2

if |ξ2e2ts+|, |2ξsa| ≤ 1 and R = max
(
2ξe2t |s+|, e−2t |s−|, |ξ|−1

)
Assume ξ ∈ [ρξ1e−t , ξ1e−t ], t ∈ [0.05 log ξ1, 0.1 log ξ1]

Then |ξ2e2ts+| ≤ ξ0.95
1 |s+| ≤ |s+|0.475−10/12 ≤ δ0.001

and
R = max

(
ξe2t |s+|, e−2t |s−|, ξ−1) ≤ max

(
δ0.495, δ, δ1/2

)
= δ0.495.

Also |ξ + 2saξ − e2ts+ξ
2 − ξ| ∈ [ρ/2, 1]. Hence

e−tξ1 ∈ Hρ,2ρ−1,20δ0.495(at .x , at .x ′) for all t ∈ [0.05 log ξ1, 0.1 log ξ1].



Construction of H-pairs with Doubling Condition

Lemma (Flow to Doubling H-pairs.)
x , x ′ ∈ XErg ∩ Bδ(x)

Hρ,ρ−1,δ1/4(at .x , at .x ′) ∩Rρ(at .x) 6= ∅ at .x , at .x ′ ∈ Xu-Erg

Proof for Case 2.
Lemma ξ1e−t ∈ Hρ,2ρ−1,20δ0.495(at .x , at .x ′), t ∈

[0.05 log ξ1, 0.1 log ξ1]
Recall e2τ r ∈ Rρ(z) iff r ∈ Rρ(aτ .z).

Apply to z = at .x , r = ξ1e−t−2τ , τ = 1
2 log ξ − 1

2 t.
Remains to show

a 1
2 t+ 1

2 log ξ1
.x ∈ Xρ,1-Doubling = {x : 1 ∈ Rρ(x)}



Construction of H-pairs with Doubling Condition

Lemma (Flow to Doubling H-pairs.)
x , x ′ ∈ XErg ∩ Bδ(x). There is t ∈ [0.05 log ξ1, 0.1 log ξ1] such that

a 1
2 t+ 1

2 log ξ1
.x ∈ Xρ,1-Doubling = {x : 1 ∈ Rρ(x)}, at .x , at .x ′ ∈ Xu-Erg.

Proof for Case 2.∫ 0.1 log ξ1
0.05 log ξ1

1Xu-Erg(at .x)1Xu-Erg(at .x ′)dt ≥ (1− 4ε1/4)0.05 log ξ1

By restricting again from
∫ log ξ1

0 to
∫ 1

2 log ξ1+ 1
2 0.1 log ξ1

1
2 log ξ1+ 1

2 0.05 log ξ1∫ 0.1 log ξ1

0.05 log ξ1
1X\Xρ,1-Doubling(a 1

2 t+ 1
2 log ξ1

.x)dt ≤ ε1/4 log ξ1

The lemma follows for sufficiently small ε.
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