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Intrinsic Ergodicity



Parry Measure

Let 4 be a finite directed graph with primitive adjacency matrix A.

: There exist positive left and right
eigenvectors £ and r to a unique maximal eigenvalue X s.t. A = /Ar.

A,‘jfj
/\I’,‘ ’
define a stochastic matrix with equilibrium probability p, pP = p.

Pij = pi = Lirj

Let (X1, o) be the associated shift space of one-sided infinite paths
onY.
The topological entropy is hip(o) = log A.

The of (XT,0)is

n—2
MD,P([XO» o Xn=1]) = Pxg H Pxixisrs hup,p(a) = htOD'
i=0



Intrinsically Ergodic

Definition (Weiss '70)
Call a dynamical system if there is a unique
measure of maximal entropy.



Gurevich Entropy

Let 4 be a strongly connected directed countable graph, and let
(X, 0) be the non-compact associated shift space of infinite
one-sided paths on ¥.

Let Z,(a) = #{x € £ : xo = a,0"(x) = x} for a fixed state a € V(¥).
Definition (Gurevich '69)

]
he = nI|_>mOo - log Z,(a)

Suppose hg < co. Then (X7, o) is positively recurrent if and only if
it is intrinsically ergodic.

LetZi(a) =#{xeXt i xo=0a,0"(X) =x,x; Za (0 <i<n)} XFis
positively recurrent if Y- A="Z,(a) = cc and > nA~"Z*(a) < o

where X\ := e”s. (Equivalently, with respect to the "Parry measure”,

the Markov chain returns to a almost surely with finite expected first P

return time)



Effective Intrinsic Ergodicity




Einsiedler Inequality

Let T: T — T, x — 2x. Let m be the Lebesgue measure (= unique
measure of maximal entropy).

For any T-invariant probability x on T and any Lipschitz function f,

wi—

[ 7am = [ ] < 1l () = T
The implicit constant is independent of x and f.

Polo’s Thesis "11: Also Cat Map case [$]] : T? — T2

TAttributes proof to Einsiedler



Kadyrov’'s Theorem

Let (X+, o) be a topologically mixing subshift of finite type. Let m be
the Parry measure (= unique measure of maximal entropy). Let Hg
be the space of Holder continuous functions with norm

.7 If)—f(y)]
£l == lIflloo + SUPyy axy?

For any o-invariant probability 4 on £+ and any f € Hg,

Nl—

[ ram ~ [ feu] < s (o)~ (o)’
The implicit constant is independent of x and f.

Proof hinges on the following two facts:

- Information function of m is cohomologous to a constant via
integrable transfer function: —logEm(1j,|c™'Bs+)(X) = — log fj,;
|7 = m(f)|lo < |Ifllg~" where T is the transfer operator
satisfying Tfo o = Ep(flo~"Bs+) 6




Mind the gap!



Spectral Gap




Countable Alphabet Troubles

Spectral gap
ITf = m(P)lloe < [Ifllp5~"

« Tf = A='M; LM, (transfer operator) where Mj, is the
multiplication operator by h, the eigenfunction of Ruelle’s
operator L (Lf(x) = ZO(Z):J(X))A

- This cannot possibly hold for general infinite Markov shifts.
(Apply to f compactly supported and ¥+ locally compact).



Strongly Positively Recurrence

Recall that Z;(a) is the number of first return loops at a of length n.

Definition
Let 1
hé(a) = I|lgn p log Z;(a).

Then (XT,0) is called if

h*(a) < hg < 0.

(X7, 0) is SPRff it has the



Spectral Gap Property

: For a function ¢ : ¥+ — R let

Lofl) = D e’OS(y).

a(y)=x
Definition
The holds if L = Ly acts quasi-compactly on
a nice Banach space, and if
Z Ly

is an analytic family of operators for any ¢ € Hg.



Let’s get lost for a moment.



Escape of Mass




Escape of Mass

Assume ¢ strongly connected with finite Gurevich entropy.
If (£+,0) is SPR then there exists a sequence of asymptotic
equilibrium measures u, escaping to infinity:

hu, = he but pn([a]) = 0 Va e V(¥)

Related criterion by Gurevich-Zargaryan '88.

If (£7,0)is SPR then there cannot be any effective intrinsic
ergodicity.



Effective Intrinsic Ergodicity for
countable TMS




Effective Intrinsic Ergodicity for countable TMS

Assume that (X1, o) is topologically mixing, hg < co. Recall:

(X, 0) is positively recurrent iff it is intrinsically ergodic.

(I, 0) is SPRIff it is effectively intrinsically ergodic:
Vi € Hg, Vi o-invariant probabilities

N—

Im(¥) = ()| < [[¢lls (hm(o) = hu(a))

where m is the unique measure of maximal entropy.

1



Use the Pressure.



Pressure




Pressure function

For ¢ € Mg let ¥n(x) = S0 ¥(o'(x)) and define
Z,,(z/),a) - Z ewn(i)q[a](z)

o (X)=x

Suppose (X T, o) is topologically mixing. The Gurevich-Sarig pressure
is

]
Pes(y) = lim o log Z,(¢, a)
and satisfies, for every x € 7,
Pes(v) = Ii;n L9 11 (%)
Using the Spectral Gap Property, t — Pgs(te) is analytic around 0:

Taylor Expansion

Pes(t) = o + M)t + 20H (W) + ..



Asymptotic Variance, Variational Principle

Taylor Expansion

Pes(th) = hg + m()t + %afn(w)tz +o

where

- 02,(¥) = limp 1Vary[y,] the where

.
W = EZ:O ook,

Pes(v) = sup (hu(o) + p(v))

o

- For t small myy, the for the potential ty
exists, i.e. Pes(ty)) = hp,, (o) + My (te). (Uniqueness by
Buzzi-Sarig, existence by Cyr-Sarig.)



Please restrict your measure.



Restricted Entropy




Restricted Entropy function

Restrict to hardest case:
Instead of fixing p in |m(v) — w(¥)| < [hm(e) — h,(o)|®

consider all v with v(¢) = p(v) and minimize RHS.

Definition (Restricted entropy)

Hy(a) = sup{h, (o) : v(¢)) = a}

+ Hy(M(¥)) = hn(o).

 £Pss(sv)|._, = mey(¥) analytic if t close to zero (by SPR).

- Suppose a close to m(¢). Then 3t € R s.t. myy(¢) = a.

- Hence Hy(a) attained by myy,: Hy(a) = Pes(ty) — ta

- This implies that —Hy(a) is the Legendre transform of Pgs(tW),
so can use known formulas for derivatives of Hy/(a).

Lemma (Taylor approximation )assuming |m() — s()] small depending on = and «

H () = Hyp(M()) — €25 o (m(®) — ().

14



Sharp Effective Intrinsic
Ergodicity




0. Sarig’s version of Effective Intrinsic Ergodicity with optimal

constant and exponent

Ho () = Hyp(M()) — €25 o (m(®) — ().

- Remark: op(v) = 0 iff ¢ is cohomologous to a constant.
- By definition of Hy, Hy(Mm(v)) — Hy((2)) < hm — h,,, so

* |hm = h,| small ~ [m(y) — ()| smallif ||¢]| g < 1. (Does not
require [m(¥) — p(v)| to be small.)

=

Im(¥) = w(¥)| < &V20m(¥) (hm(0) — ()



Concavity of Restricted Entropy Function

Hi () = Hy(m(©)) — 2% g2t (m(®) — ()2

lhm — h,] small ~ |m(y) — p(v)| smallif 4]z < 1. (Does not require
Im() — ()] to be small.)

Im(¥) — ()] < om(¥) *(Hyp(m(¥)) — Hy (1()))



Concavity of Restricted Entropy Function

Lemma (Concavity)

Im(¥) = ()] < om(®) 7 (Hy(M()) = Hy (1))

- Suppose m(y) < a* < a = p(y) where H,, still analytic at a*.

» Concavity: Hy(a) — Hy(a*) < (a —a*)H,,(a*)

* Mean value theorem: H;,(a*) = H;,(m(¥)) + Hy(a’)(a* — m(v))

* Global maximum, concavity: H, (a *) Hy(m(¥))(a* — m(v))

* Hence Hy(a) — Hy(a*) < —(20m(¥))~*(a* — m(¥))(a — a*)

- a*— m(v) can be bounded from below (> om(v)*) e



General Measures

Theorem (Effective Intrinsic Ergodicity)

Im(¥) — w(@)| < [¥llg(hm — h,.)?

- Follows from o, (v) < ||2| 5 for large entropy p.

- Small entropy p needs a reverse bound to apply concavity
lemma.

- Or rather, there is v, that satisfies the reverse bound and gives
same integrals to m and p as ¢ does, and ||[¢,llg < [|¥]|5.

- Both bounds use SPR.
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